Precise numerical calculation of transition intervals between metastable states in the antiprotonic helium atom is performed. Theoretical consideration includes a complete account of the relativistic and radiative corrections of order R ϱ ␣ 4 in the nonrecoil limit. The final uncertainty is estimated to be about 1-2 MHz.
I. INTRODUCTION
Antiprotonic helium is a exotic three-body system which is formed when one of the two electrons in a helium atom is replaced by an antiproton. The majority of the antiprotonic helium atoms promptly annihilates, however, some fraction of antiprotons settles on nearly circular orbitals with quantum numbers n Ϸ ͱ M ‫ء‬ / m e Ϸ 38 and l Շ n, here M ‫ء‬ is the reduced mass of an antiproton-nucleus pair. These latter states demonstrate very high longevity of a few microseconds determined by the radiative transition rate between antiprotonic orbitals.
This remarkable feature allows us to perform precision spectroscopy on these exotic atoms ͓1-3͔ with few ppm ͑parts per million͒ accuracy. During the last decade experimental precision was improved by more than three orders of magnitude ͓4,5͔ and became sensitive to the ͑anti͒proton-toelectron mass ratio. This high precision requires serious theoretical improvement in calculation of the transition energies between metastable states of the antiprotonic helium.
The present work is a continuation of ͓6͔, where some leading order relativistic and radiative corrections have been obtained. The major advances are the much better numerical accuracy for wave functions and expectation values, and the complete account of m␣ 6 corrections in the nonrecoil limit as well as the recoil corrections of order m␣ 5 ͑m / M͒. Here below we calculate only the "diagonal" part of the higher order interactions that contributes to the energy. The spindependent terms which lead to a fine or hyperfine splitting will be considered elsewhere. The diagonal part may contain the spin-dependent contribution which results in the energy shift only.
We use atomic units and the CODATA recommended values of the fundamental constants of year 2002 ͓7͔ in our calculations ͑see Table I͒ . Root-mean-square ͑rms͒ radii of the electromagnetic charge distribution for helium-4 ͑R4 He ͒ and helium-3 ͑R3 He ͒ are taken from ͓8͔.
II. WAVE FUNCTION
The wave function of a state of a total angular momentum L, its projection M onto the z axis of the space-fixed frame and a total spatial parity = ͑−1͒ L may be written as
where R and r are the position vectors of p and of an electron relative to the helium nucleus. The functions G ll e L ͑R , r , ͒ of internal degrees of freedom are expanded as follows:
The complex parameters ␣ i , ␤ i , and ␥ i are generated in a quasirandom manner. Further details may be found in ͓9,10͔.
With this choice of the geometry it is easy to get a Feshbach-type closed channel solution. To that end one needs to retain in the expansion ͑1͒ components with small l e ͑angular momentum of an electron͒ and if l e ͑max͒ Ͻ⌬l, where ⌬l = l − lЈ is the smallest energetically possible change of the antiproton orbital angular momentum in the Auger transition,
then the subspace spanned over these basis functions is a subspace of closed channels for this resonant state. The radiative width for the metastable antiprotonic helium states is about 10 −12 a.u. So, the states with ⌬l Յ 3 predominantly decay via the Auger transition, while the states with ⌬l Ն 4 have a radiative decay as a main channel, the lifetime for these states is about few microseconds.
The Auger width of the states with ⌬l = 3 is of the order of 10 −8 −10 −9 a.u. In this case the zero-order wave function obtained within the closed channel approximation would have relative uncertainty of ϳ10 −4 that sets limits on the accuracy of mean values of various operators related to relativistic and radiative corrections. Thus, this approximation is * korobov@theor.jinr.ru In order to get better accuracy one needs to take into account the resonance nature of the antiprotonic helium states. A powerful tool for that is the complex coordinate rotation ͑CCR͒ method ͓11͔. The essence of the method is to transform ͑rotate͒ the coordinates of the dynamical system as follows:
where is the parameter of the complex rotation. Under this transformation the Hamiltonian changes as a function of ,
and the continuum spectrum of H is rotated on the complex plane around branch points ͑"thresholds"͒ to "uncover" resonant poles situated on the unphysical second sheet of the Riemann surface ͑see the Augilar-Balslev-Combes theorem ͓12͔͒. The resonance energy is then determined by solving the complex eigenvalue problem for the "rotated" Hamiltonian
The eigenfunction ⌿ obtained from Eq. ͑4͒ is square integrable and the corresponding complex eigenvalue E = E r − i⌫ / 2 determines the energy E r and the width of the resonance, ⌫. The use of a finite set of N basis functions reduces the problem ͑4͒ to the generalized algebraic complex eigenvalue problem
where A = ͗⌿ ͉H ͉⌿ ͘ is the finite N ϫ N matrix of the Hamiltonian in this basis, and B is the matrix of overlap B = ͗⌿ ͉ ⌿ ͘.
To get an accurate CCR solution for the antiprotonic helium is a numerically difficult problem because antiproton and electron orbitals have different scales. In our calculation we use a general strategy of a multilayered variational approximation as is described in ͓9͔. A trial wave function contains four basis sets. First, two sets are used for better approximation of the closed channel solution. Parameters of a third set are adjusted to approximate excited electron intermediate states, and the last set corresponds to electron continuum configurations.
The numerical solution of Eq. ͑5͒ is obtained using the basis sets with N = 4400 functions, which is 2 times larger than in our previous work ͓6͔. A sextuple precision arithmetic ͑ϳ48 decimal digits͒ has been used to avoid round-off errors in calculations. It has been found that for our aims the first five terms in expansion ͑1͒ are sufficient. The higher l e terms in ͑1͒ do not improve the result within required accuracy.
III. HIGHER ORDER CORRECTIONS
In this section we will consider only contributions of orders R ϱ ␣ 3 and higher. The leading order relativistic corrections, which result from the Breit-Pauli Hamiltonian along with the finite size correction due to the charge distribution of nuclei, and the contribution from the anomalous magnetic moment of an electron, have been discussed in detail in ͓6͔. It is worth mentioning here that the new numerically more accurate values for the most crucial expectation values are 
where Q͑r͒ is the so-called Araki-Sucher term ͓16͔,
One-loop vacuum polarization can be written as
ͪ͗Z He ␦͑r He ͒ + Z p ␦͑r p ͒͘. ͑8͒
The recoil correction contribution ͓Eq. ͑7͔͒ to the transition energy is of the order of 0.5-0.7 MHz. We expect that the higher order in ␣ recoil contributions are at least an order of magnitude less and may be neglected for the time being. The radiative corrections of the R ϱ ␣ 4 and R ϱ ␣ 5 ln 2 ␣ in a nonrecoil limit of the adiabatic two-center approximation ͑or an external field approximation͒ are known analytically ͓17,18͔.
The 
͑9͒
The two-loop QED correction ͑R ϱ ␣ 4 ͒ is 
͑10͒
It includes both Dirac form factor and polarization operator contributions.
The R ϱ ␣ 4 relativistic correction is obtained using the adiabatic "effective" potential for the m␣ 6 order term in the ␣ 2 expansion of the two-center Dirac energy. These effective potentials for the case of the antiprotonic helium ͑Z 1 =2, Z 2 =−1͒ ͑see Fig. 1͒ 
IV. RESULTS AND CONCLUSION
Results of numerical calculation for individual states are summarized in Tables II and III, From these tables one may conclude that the numerical accuracy is better for the states with lower Auger width. Thus, from the theoretical point of view transitions between metastable states are preferable for precision spectroscopy. Table IV presents final results for the transition energies and comparison with the latest experiments ͓5͔. The first error for theoretical values reflects the theoretical uncertainty as it has been defined in the text after Eq. ͑11͒. The second one is the numerical uncertainty. As is seen from Table IV, the best candidates for determination of the antiproton mass are the lowest transitions with the smallest principal quantum number n of the antiproton orbital. For these transitions theoretical uncertainty is lower and the transition frequency is larger.
For the two-photon transitions ͑the last rows for 4 He + p and 3 He + p͒ the numerical uncertainty is an order of magnitude less than the theoretical one. That is because the numerical errors are determined primarily by the less accurate calculation of the daughter state ͑larger Auger width͒.
It is important to indicate how the uncertainty in the rms radii of nuclei influences the final value of the transition frequency. A variation of the transition frequency is about 50 kHz due to the uncertainty in the rms radius of the 3 He nucleus, less than 10 kHz for 4 He, and below 1 kHz for p. In conclusion, we want to state that the results obtained here achieve the relative accuracy of 1 ppb ͑parts per billion͒. Further improvement may be expected with explicit calculation of the radiative one-loop and two-loop corrections in the R ϱ ␣ 5 order. Especially it is important for the two-photon precision spectroscopy, where the numerical error is relatively small. The accomplishing of this task, eventually, will allow for the improved measurement of the ͑anti͒proton-to-electron mass ratio. 
